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Subsynchronous Resonance Damping Control of
Thyristor-Controlled Series Capacitor
Naoto Kakimoto, Member, IEEE, and Anan Phongphanphanee
Abstract—A thyristor-controlled series capacitor (TCSC)
substantially improves transmission capacity. It also mitigates
subsynchronous resonance (SSR) accompanying conventional
series capacitors. With an appropriate angle of thyristor firing,
electrical damping becomes almost zero, which is called SSR
neutral. This quality comes from TCSC itself. However, negative
damping still remains, and is large for firing angle 170 180
where little current flows through thyristors. This paper deals
with control of firing angle. First, we oscillate the firing angle at a
given frequency, and present an analytical method of calculating
electrical damping. Next, we show that the damping improves at
all frequencies if the firing angle oscillation is in phase with that of
rotor angle. Synchronizing torque decreases, however, so a limit
must be put on the control gain. Lastly, we execute numerical
simulations to verify our analytical results.
Index Terms—Damping control, SSR, TCSC.
I. INTRODUCTION
ATHYRISTOR-CONTROLLED series capacitor (TCSC)compensates transmission line reactance, and increases or
controls power transfer. It is also effective in mitigating sub-
synchronous resonance (SSR) [1]. It was shown with an analog
simulator that electrical damping of a system with a TCSC is
almost the same as one with no series compensation, that is, the
TCSC is SSR neutral [2]. This is one of the most important at-
tributes of the TCSC.
Several theoretical analyses and field tests of the TCSC were
made in relation to SSR. It was shown with EMTP that a TCSC
in vernier mode behaves as a lossy capacitor [3]. Field tests at
the Slatt substation demonstrated that the TCSC does not partic-
ipate in SSR [4]. Some dynamic models were derived based on
Poincare mapping and others [5]–[8]. These models are useful
in eigenvalue analyses of SSR. With Fourier analysis, some al-
gebraic equations were derived for voltage and current compo-
nents of a TCSC [9], [10]. By solving one algebraic equation, it
is possible to calculate electrical damping of a system compen-
sated with a TCSC [11].
If the conduction angle of thyristors is appropriately wide, the
electrical damping is nearly equal to zero. The TCSC is there-
fore almost SSR neutral. If a generator has moderate damping,
SSR does not occur. However, in a case where the firing angle is
close to 180 , and the conduction angle is narrow, action of the
TCSC is close to that of a series capacitor. It accordingly shows
large negative damping. In order to operate in such cases, or
in a case where damping of a generator is insufficient, the firing
angle of the TCSC must be modulated [1]. In the field test of [4],
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to excite a torsional oscillation mode, rotor speed signals were
used to modulate the firing angle of TCSC. It is hence clear that
the modulation of the firing angle has some influence on SSR.
The firing angle was fixed constant, however, in the preceding
studies.
In this paper, we present a method of analytically calculating
electrical damping of TCSC with a firing control. It is an expan-
sion of techniques proposed in [10] and [11]. Rotor angle oscil-
lation is used as an input signal. It is transmitted to the firing
angle through a gain and a phase. We examine their influence.
It seems natural to use deviation of rotor speed instead of angle.
The phase is 90 in this case. However, it becomes clear that
electrical damping improves in one frequency range, but it de-
teriorates in another range at the same time. On the other hand,
if the phase is 0 , the firing angle oscillates in phase with the
rotor angle. Now, the damping improves in all frequency range.
It is also possible to turn the damping to positive. The synchro-
nizing torque deteriorates, however, so some limit must be put
on the gain.
First, we briefly describe a TCSC and a transmission system
in Section II. We observe current components of a thyristor-con-
trolled reactor (TCR) brought by firing angle oscillation, and de-
rive analytical equations for them in Sections III and IV. In Sec-
tions V and VI, we present an algebraic equation for the TCSC
and solve it to obtain electrical damping and to examine the ef-
fect the control has on damping. Lastly, we execute numerical
simulations to verify our analytical results in Section VII.
II. BASIC EQUATIONS
A. Transmission System With TCSC
Fig. 1 shows a transmission system compensated with
a TCSC. Transmission line resistance is 0.02 p.u., and
reactance is p.u., where . The base of
per-unit system is 500 kV and 1000 MVA. The transmission
line reactance is large, so it is compensated with TCSC. The
capacitor is p.u., and the reactor is
p.u. The reactor has a resistance of 0.002 p.u. The compensa-
tion is adjusted with the thyristors.
Time variations of transmission line current , capacitor
voltage , and thyristor-controlled reactor (TCR) current are
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Fig. 1. Transmission system with TCSC.
Fig. 2. Voltage and current of TCSC.
where is the internal voltage of the generator. Its amplitude is
1 p.u. The subtransient reactance is included in the transmission
line reactance. is the infinite bus voltage (1 p.u.). Fig. 2 shows
time variations of the voltage and the reactor current for a
case where TCSC is driven by the current with amplitude 1
p.u., and frequency 60 Hz. The thyristors are triggered at firing
angle from zero-crossing points of the voltage .
The reactor current contains some odd harmonics besides
a fundamental wave. The voltage is multiplied by 5 for the
sake of comparison. Small odd harmonics are superimposed on
a fundamental wave, as observed from the figure.
B. Generator-Turbine Shaft System
Fig. 3 shows a model of the generator-turbine shaft system
[12]. It consists of six masses. The motion of each mass is de-





Fig. 3. Generator-turbine shaft system.
TABLE I
PARAMETERS OF GENERATOR-TURBINE SHAFT (per unit)
TABLE II
EIGENVALUES OF GENERATOR-TURBINE SHAFT
(8)
(9)
where for each mass , is inertia constant, is rotor angle,
is mechanical power input, is torsional spring constant
between mass , and , is damping torque coefficient,
, , is rotor speed, is electrical power
output. The rotor angle in (8) corresponds to the phase of the
internal voltage . Table I shows constants of the shaft system,
where , . The fraction of the total
mechanical power effected by each of the masses to is
20, 20, 30, 30%, respectively.
There are six natural modes in the shaft system of Fig. 3.
Table II shows eigenvalues for the modes. The modes 1 5 cor-
respond with torsional oscillation modes. The mode 6 is a rigid
body mode in which all masses move together. This mode be-
comes a swing mode when the generator is connected to the
transmission system.
III. CONTROL OF FIRING ANGLE
Assume the rotor angle of the generator oscillates at a fre-
quency , then two voltage components appear besides a fun-
damental component. Their frequencies are , where
Hz. Due to these voltage components, current compo-
nents of frequency appear in the TCR current,
where is an even number. Substituting into this equation
gives
(10)
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Fig. 4. Firing angle control.
The is clearly an odd number. For example, if Hz,
becomes . The most important com-
ponents are 40 and 80 Hz.
Fig. 4 shows variation of the reactor current for changes of
the firing angle. If the firing angle changes from to ,
then the reactor current increases. Conversely, if it changes to
, the current decreases. In this paper, to suppress SSR, we
oscillate the firing angle at the same frequency as the rotor
angle
(11)
where and are, respectively, the amplitude and phase of the
oscillation.
The TCSC voltage contains odd harmonics, and is ex-
pressed as follows:
(12)
where is an amplitude, and is an odd number. Fig. 5 shows
variations of the TCR current due to the oscillation of the firing
angle, where the voltage is assumed to contain only fundamental
component, and p.u. The parameters of the firing angle
are , , Hz, . From the figure, it is
seen that the current components have frequencies 40, 80, 160,
200, 280, Hz. These frequencies are represented by
Hz, where is odd number. These frequencies prove to be the
same as those produced by oscillating the rotor angle at Hz,
as shown in (10).
IV. ANALYTICAL EQUATION
In this section, we derive analytical equations for the variation
of the TCR current caused by the firing angle oscillation. First,




Fig. 5. Variation of TCR current. (a) In-phase components. (b) Quadrature
components.
For simplicity, we assumed . The is a time when the
current begins to flow, and . The components of
frequency Hz are obtained by
(14)
(15)
is an interval of the integration, and . The integrals in
(14) and (15) are obtained by calculating for each current pulse
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where the is the time when the current stops flowing.
A. Variations in Times and
Set as in (11), then
(18)
The time when the current begins to flow satisfies
(19)
where . Let (where the superscript
“ ” denotes the steady-state value for ), then
(20)
is obtained, where
The time varies due to , and we set as .
B. In-Phase Components
Substitute and into (16), and
arrange it up to the first order of , then
(21)
is obtained, where is a constant, and
For the derivation of (21), refer to the Appendix. The current
component in (14) is obtained by summing the for all .




Substitute and into (17), and
arrange it again, then
(23)
is obtained, where
Equations (22) and (23) represent the variation of the TCR cur-
rent for the oscillation of the firing angle. Fig. 5 shows analytical
values obtained by the above equations. The values agree very
well with the simulation results.
D. Generalization
Next, we set in (11), then changes as
(24)
In this case, the current components are given by
(25)
where
The components of frequency Hz, as is clear from
the definition in (14) and (15), are given by replacing as follows:
(26)
in (22), (23), and (25).
In a general case where the firing changes according to (11),
varies as
In this case, the current components are given by
(27)
where is a vector
V. NETWORK EQUATION
A. Representation of TCSC
As observed in Sections III and IV, if the firing angle oscil-
lates at a frequency , small current components of frequencies
( : odd number) flow through the TCR. If
Hz, then Hz .
These components flow through the capacitor and the transmis-
sion line, and corresponding voltage components appear on the
TCSC. Now let de-
note these small current and voltage components from low to
high frequencies in sequence,
where
The subscript “ ” mean and components, respectively.
These current and voltage components are related as follows
[10]:
(28)
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where , . is
an admittance matrix
changes with method of firing thyristors. In this paper, we
choose zero-crossing points of the fundamental voltage as the
reference of firing. is an admittance matrix of the TCR. It is
composed of 2 2 matrices
where for
, , (even number) are related as follows:
is an admittance matrix of the capacitor
diag (29)
where is a 2 2 matrix
is a vector which represents small current components caused
by the oscillation of the firing angle
(30)
denotes a vector of (27) corresponding to the frequency ,
where .
B. Installation Into Transmission System
If the rotor of the generator oscillates at a frequency , then
two voltage components of frequencies appear. Let a
vector denote these components
corresponds with , . In a range Hz, only
and are nonzero, and other s are zero. On the other
hand, the infinite bus voltage does not change. Hence, and
of the TCSC are related as follows:
(31)
is an impedance matrix of the transmission line
diag
where is a 2 2 matrix
From (28) and (31), we obtain
(32)
VI. DAMPING TORQUE
A. Definition of Torque
Interaction between the shaft system and the transmission
system occurs through the generator output . Now, let
the rotor angle of the generator oscillate at a frequency around
an operating point as follows:
(33)
where is an amplitude, and . Numerically integrate
(1) (3) to obtain time variation of , and extract a component
of frequency with the fast Fourier transformation (FFT), then
is expressed as follows:
(34)
The first term is a steady state value, the second term is a syn-
chronizing torque, and the third term is a damping torque.
and represent a synchronizing and a damping torque coeffi-
cient, respectively.
B. Analytical Equations for and
Set the generator and the infinite bus voltages as fol-
lows:
where and are their amplitudes. Substitute (33) into the
above equation, then is transformed as
(35)
The two components , of Section V-B thus appear. Due
to these voltages and the firing angle oscillations, the current
changes as follows:
(36)
where and are amplitudes and phases, re-
spectively. are determined by solving (32). From
(35) and (36), we obtain
Comparison with (34) gives
(37)
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Fig. 6. Selection of phase .
C. Damping Control
From comparison of (11) and (33), it is seen that
(38)
is satisfied, where . We will control the firing angle
according to this equation. and become a gain and a phase
of the control. In this subsection, we select appropriate values
of these parameters.
1) Selection of Phase : First, we set . Further, we set
in (32) to see the effect of the control. Fig. 6 shows
frequency responses of the damping torque coefficient for
four values of , where . The coefficient consider-
ably changes with . If we choose to be , , or , the
damping coefficient takes negative values in some frequency
ranges. However, if we choose to be 0, then the coefficient
takes positive values at all frequencies. This means that the con-
trol is effective for all torsional modes. Thus, we select .
2) Limitation of Gain: Fig. 7(a) shows relation between the
gain and the damping torque coefficient , where
and . Without the control (i.e., ), the damping torque
coefficient is negative at all frequencies. Next, we increase the
gain to 1 or 2, then the damping torque coefficient moves
upwards. If we increase to 3 or 4, it comes to have positive
values in some frequency range.
Fig. 7(b) shows the synchronizing torque coefficient . If
we increase the gain, then the coefficient decreases in a low fre-
quency range. The synchronizing torque is closely related with
the stability of the mode 6 whose frequency is 1 2 Hz. Hence,
it is not desirable that the synchronizing torque becomes nega-




Fig. 7. Limitation of gain k. (a) Damping torque coefficient. (b) Synchronizing
torque coefficient.
The symbol in the figure shows the results obtained by nu-
merical simulations. Phase-locked loop (PLL) is used to extract
the fundamental voltage whose zero-crossing points are referred
to trigger the thyristors [10]. Good agreement is seen between
the simulation results and the analytical results.
3) Influence of Firing Angle: Fig. 8 shows the damping
torque coefficient for cases where the firing angle is or
. In both cases, the damping torque improves by raising
the control gain. However, the required gain differs much as is
clear from Figs. 7(a), 8(a), and 8(b). This means that we must
adjust the gain according to the firing angle.
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(a)
(b)
Fig. 8. Influence of firing angle. (a) Firing angle 170 . (b) Firing angle 160 .
VII. ANALYSIS OF SSR
We execute numerical simulations of SSR to verify the inves-
tigation in the preceding sections. For simplicity, we assume the
mechanical damping coefficients are zero in
(4) (9). Only is not zero. As a result, the stability of each
mode is determined by the damping torque of the generator. If
(39)
is satisfied at the frequency of a mode, then the mode is stable;
otherwise, it is unstable. In Fig. 7(a), two lines of 0.005 and
(a)
(b)
Fig. 9. Simulation of SSR (d = 0:002). (a) k = 0! 2:5. (b) k = 0! 1:5.
TABLE III
RELATION BETWEEN CONTROL GAIN k AND SSR
0.002 are drawn. If the control gain is 1.5, always stays
above the line of 0.005. This means that all of the modes are
stable if the mechanical damping is 0.005. Similarly, if the
gain is , then the modes are stable even if is 0.002.
Fig. 9 shows numerical simulation results. The firing angle is
, and the mechanical damping is 0.002. We initially
set the control gain as , then the mode 5 of frequency 15.6
Hz grows. Next, we switch the gain at an instant. In Fig. 9(a),
we switched the gain to 2.5. In this case, the oscillation of the
rotor angle decays after the switching. In Fig. 9(b), we switched
the gain to 1.5, however, then the mode 5 continues growing and
diverges.
The mode 6 of frequency 1.2 Hz also grows in this case. Sim-
ilar results are observed for the case of .
Table III shows results for cases where the generator mechan-
ical damping is , and the firing angle is set at 170,
165, and 160 . In any cases, the results agree well with those
predicted from Figs. 7 and 8.
From the results shown before, it is confirmed that the SSR
analysis based on the analytical damping torque coefficient is
valid. It is also shown that the firing angle control is effective
in suppressing SSR. However, we considered a single generator
on a single line as shown in Fig. 1. It is necessary to extend the
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presented technique for practical systems where several gener-
ators are connected on the line. It may be useful to modify (38)
as follows:
(40)
where is the number of generators. It is not clear yet whether
we can find appropriate values of the gain and phase to
suppress SSR of all generators. We need further investigation to
show the effectiveness of (40). This remains as a future work.
VIII. CONCLUSIONS
In this paper, we made some basic consideration on the firing
angle control of the thyristor-controlled series capacitor. The
following conclusions apply for a single generator connected
to an infinite bus by a single series compensated line.
1) If the firing angle of the thyristors oscillates at a frequency
, then the current components of frequencies flow
through the reactor. The analytical equations for the components
were derived.
2) The current components of frequencies flow
through the capacitor and the transmission line. The network
equation for the voltage and current components of the TCSC
was derived.
3) The method of analytically calculating the damping torque
of the TCSC was derived. By oscillating the firing angle in phase
with the rotor angle, the damping torque is improved while some
limit is imposed on the gain.
4) Lastly, the numerical simulations were executed to show
that it is possible to suppress the SSR by controlling the firing
angle in the proposed manner. The results agree well with the
analytically predicted results.
It is thus shown that the proposed firing angle control of the
TCSC is effective in suppressing SSR.
APPENDIX
The function in (16) is transformed as follows:
(41)
where
Substitution of (40) into (16) gives
(42)
Substituting into (41), we







The first terms of (43) (45) are steady state values, which cor-
respond to the first term of (21). The third term of (43) cancels
the second terms of (44) and (45). Lastly
The 2nd term of (43)
(46)
where is even number. The term containing of (46) is pe-
riodic, and its sum converges to zero. Thus, the second term of
(21) is obtained.
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